
 Matrixvectormultiplication

A vector in IR is an ordered n tuple of real

numbers We can write it as a column vector

Fa
or as a wwvec torcai.az au

Just like with matrices we can take the sum of two

h vectors and we can take the scalar multiple of
a vector

If A is an mxn matrix we can write

A I a a AT

where each ai is one of its columns If I

j

a vector in IR we define the product

AT Xia tXza t 1Xian

Note that we can only multiple a matrix and a vector

in IR if the matrix has h columns

Ex A fo I ft



Then A I I f l 3 t Z

Notice that we started w a vector in IR and ended

with a vector in IR

EI let I To and I aaa an arbitrary

vector Then IT a tae f t as fo a

So multiplication of I with a vector gives the same
vector back I is called the 3 3 identitymatrix

Properties of matrix vector multiplication2

A City AI ATmatrix fefors

A AI a AI A I
7scalar

At B I AT BI

How does this relate to systems of equations

Consider the system
Xi t 2 Xz t 3 3 1
2x Xz 1

We can rewrite this as an equality of vectors
X t 2 2 t 3 3 f which becomes2 X X 3



Kitto.tt p fit
x f t x f t asf fi

G'o HE't fit
in

coefficient constant
matrix matrix orvector

Moregenerally if we have a system of equations
in h variables X Xu w coefficient matrix A
constant vector b and set

I
u

Then we can express the same system

as A 5 5 called the matrixformy of the system

Note that the corresponding augmented matrix is A B

Suppose I is a solution to AI T and Io is a solution

to AI 8 the associated homogeneous system
the ovector
eachentryis 0



Then notice the following

A I To AI AT b to b

Thus I To is also a solution to AI T

In fact every solution has this form

theorem If I is a solution to the system AI D then

every solution to the system is of the form

XT X t Xo

where Io is some solution of the associated homogeneous

system A I J

EI X t 2 2 3 3 t Xy l
2x t 3 2 Xs Xy 2

I it 14 i il il
I lilt I

x Is t 5 t T
X 2 5 s 3 t t t

t



General solution I
Sett.it

sfYfttf7oftfIl
Xo

General solution to homogeneous system

s f tf
check this by setting the constants in the originalsystem
equal to 0

Thedotproduct

Def If I a au and b b bn two

vectors in Rh The dotproduct of and b is

I a b ta zbz t tAnbu

The dot product gives us another way to describe
matrix vector multiplication

e.g if A and I a vector in IR



then

A I ftg t x t xsf.IT txuf

lI.xi I.IIIIIII.III lEa intinction
with the corresponding
row of the matrix

This is the more generally

theorem If A is an mxn matrix and I am

h vector then each entry of AI is the dot

product of the corresponding row of A with T

miff µentry i
It turns out that matrices are determined by how
they multiply with vectors That is

theorem If A and B are mxn matrices such that for

every h vector 5 AI BI then A B

Wgy
let I L Eo L etc so that Ii is the



vector with its entry 1 and remaining entries 0

Then if A I am B bi bm
1 9
columns

we have AEi Bei
OI lait 0am 05 t lab t Ofm

Ii Fi

So the itn columns of A and B are the same But this

holds for each i so A B

Transformations

One way to think about vectors in IR is geometrically
as points in the plane We usually draw them as

an arrow from The origin

92 IIqs
i

a

similarly in
1123 we can identify vectors with pointsx as

in 3 dimensional space ifi a

in
x Xz



A transformation is a special kind of function from
IR to IRm That can be described by a matrix

Recall that ingeneral a function f from 112 to 1127

written f IR IRY is a rule that assigns each

vector in IR to a unique vector in IR

A function f IR Rm is a transformation if that rule

is given by multiplying the vector in IR by an

mxn matrix to obtain the output in IR

Ex Consider the function T 1122 1122 that sends

every vector to its reflection over the y axis
asEaaB Calli

i
i

1 I

a 9

so Ya is sent to f I That is 1 Caa faa

But notice that fto 9 aah faa

So for any I in
1122 1 I fo 9 I

This is an example of a transformation Moregenerally we



have the following definition

Def A function T R Rm is a lineartransformation if

there is some Mxn matrix A such that

1 I AI

for all I in IR

sometimes we can give a formula to describe the
transformation as well

EE let T 1123 1122 be the function given by

tfi.t.CI's
is this a linear transformation Yes Notice that

to 91 L ta's

so 1 I fo 9 I

soon we'll talk more aboutfinding the matrix that works

we can also start with a matrix and use it to define
a transformation



Def If A is an Mxn matrix the transformation induced

by A written TA IR Rm is defined

Tn I AI for all I in IR

Ex Let 12 IR's IR denote the function that rotates
a vector 900 counterclockwise about the origin Is

this a transformation
as

af n Jae
a

then RC t fail
We can describe this with a matrix

e III t t p
So R is the transformation induced by Y

Def The Ze on T.IR Rm is the

transformation induced by the O matrix and is given by
1 I J It is denoted T O



The identitytmation T IR IR is denoted
T lira and is given by 1 I I

It is the transformation induced by the hxn identity

matrix In i ones on diagonal zeroseverywhereelse

Ex If a is a real number the transformation

1 f tyay

induced by the matrix A f f is called an

x shear of 1122 If for example a T we can

visualize it geometrically

c Caa coital Catatay
I

i
I l
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cai can

Note that not every geometric function is a transformation

Ex Consider the function f 1122 1122 that translates
a point one unit to the right i e

tf I



Why isn't this a linear transformation

Suppose there is some matrix A such that f I AI

Then in particular f 8 I A 8

But A 8 8 for any matrix so this is impossible
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